Abstract. We prove that a smooth compact immersed submanifold of codimension 2 in R n , n ≥ 3, bounds at most finitely many topologically distinct compact nonnegatively curved hypersurfaces. Analogous results for complete fillings of arbitrary Riemannian submanifolds are obtained as well. On the other hand, we show that these finiteness theorems may not hold if the codimenion is too high, or the prescribed boundary is not sufficiently regular.
Introduction
Recently there has been considerable interest in studying the structure of locally convex hypersurfaces with prescribed boundary in Euclidean space [2, 3, 16, 18, 19, 21, 23, 26, 32, 36] . A fundamental problem in this area is deciding when a simple closed curve in R 3 , or more generally a submanifold Γ of codimension 2 in R n , bounds a hypersurface of positive curvature [42, Problem 26] . A related question, raised more recently by Guan and Spruck [21, p. 1312] , is whether Γ bounds at most only finitely many topological types of locally convex hypersurfaces. In this paper we show that the answer is yes provided that Γ is sufficiently regular, and also investigate this problem for arbitrary Riemannian submanifolds of any codimension. Our first result illustrates the need for regularity: Theorem 1.1. There exists a simple closed rectifiable curve in R 3 that is differentiable in its arclength parameter, is C ∞ in the complement of two points, and bounds infinitely many topologically distinct, compact, embedded, positively curved C ∞ surfaces.
In contrast, the following theorem shows that if the regularity of the bounding curve is increased slightly so that it has finite turn, then there are only finitely many such "fillings" or "spanning surfaces", even if their regularity is relaxed to the locally convex category. Finite turn corresponds to rectifiability of the tangent indicatrix, and is considerably weaker than, for example, piecewise C 1,1 . By a locally convex immersed hypersurface M with boundary, we mean a map f : M → R n+1 that has an extension to a continuous map f of a manifold without boundary M , where every point of M has a neighborhood in M that is embedded by f into the boundary of some convex body. Theorem 1.2. A finite collection of closed curves of finite turn immersed in R 3 bounds at most finitely many topologically distinct, compact, locally convex immersed surfaces.
Assuming greater regularity, one can prove a much stronger finiteness result for spanning surfaces. In the following theorem, the ambient space is an arbitrary Riemannian manifold, of arbitrary codimension, and the spanning surfaces need not be compact.
Theorem 1.3.
A finite collection of closed C 3 curves immersed in a given Riemannian manifold bounds at most finitely many topologically distinct, complete, immersed C 3 surfaces whose total curvature is uniformly bounded below.
The proofs of Theorems 1.2 and 1.3 draw on the classical resource of GaussBonnet. To investigate to what extent Theorem 1.3 extends to higher dimenions, we turn to the Gromov-Hausdorff convergence theory. We start with the following finiteness theorem for Riemannian fillings of arbitrary dimension and codimension in the presence of bounds on curvature and diameter: Theorem 1.4. Let Γ be a compact (but not necessarily connected) C 3 submanifold of a given Riemannian manifold. Then Γ bounds finitely many distinct topological types of compact immersed submanifolds with uniform bounds below on curvature and above on intrinsic diameter.
By curvature throughout this paper we mean sectional curvature unless stated otherwise. The diameter bound in Theorem 1.4 cannot in general be removed, even for positively curved fillings in Euclidean spaces, as the following example shows. Theorem 1.5. The standard embedding of S 2 in R 3 ⊂ R 18 bounds infinitely many topologically distinct C ∞ compact 3-dimensional submanifolds with positive curvature.
However, it is possible to remove the diameter bound in Theorem 1.4 when Γ is a submanifold of codimension 2 in Euclidean space and the filling hypersurface is nonnegatively curved. In this setting, we exploit convexity as an additional resource in order to prove our next two theorems. Theorem 1.6. A compact (but not necessarily connected), C 3 immersed submanifold of codimension 2 in R n+1 , n > 2, bounds at most finitely many topologically distinct, compact, nonnegatively curved C 3 immersed hypersurfaces.
Moreover, finiteness of topological types holds in the class of noncompact, nonnegatively curved fillings, provided the curvature at each point does not vanish on too many sections. The following theorem includes all strictly positively curved spanning hypersurfaces, but also includes hypersurfaces with no points of strictly positive curvature. Theorem 1.7. A compact (but not necessarily connected), C 3 immersed submanifold of codimension 2 in R n+1 , n ≥ 2, bounds at most finitely many topologically distinct, complete, nonnegatively curved C 3 immersed hypersurfaces for which the second fundamental form has nullity at most 1 everywhere.
Finally, we provide further evidence that Euclidean submanifolds of codimension 2 are indeed the correct setting for the noncompact finiteness phemomenon of Theorem 1.7, by giving a counterexample to a closely related intrinsic finiteness statement about complete open Riemannian manifolds.
The proofs of these results are presented in the following sections. Theorem 1.1 is proved in Section 2 by means of a direct construction which develops certain gluing techniques, including a bridge principal, for positively curved surfaces with boundary. Theorems 1.2 and 1.3, which are concerned with 2-dimensional fillings and draw on Gauss-Bonnet theory, are proved in Section 3. Theorems 1.4 and 1.6 concern higher-dimensional compact fillings. They are proved in Section 4 with the aid of results of Gromov and Perelman on compactness and stability of Alexandrov spaces with curvature bounded below, together with extension results for manifolds with boundary and some diameter estimates. Theorem 1.5 is also proved in this section, using a relative version of the Nash isometric embedding theorem. Theorem 1.7, which concerns complete open fillings, is proved in Section 5 via a clipping procedure, and a theorem of Cai on finiteness of the number of ends, which are used to reduce the proof to one similar to that of the compact case considered in Section 4. Section 6 contains further comments and questions.
2. The Regularity Example: Proof of Theorem 1.1
In this section we construct a differentiable curve in R 3 with infinitely many topologically distinct positively curved filling surfaces. The proof is presented in the setting of a surgery procedure for locally convex surfaces. In particular we use a gluing result (Theorem 2.1) which in turn is proved with the aid of a bridge principal (Proposition 2.7).
2.1. Overview. Figure 1 shows a picture of the curve Γ, together with three of its positively curved fillings, which we will construct here. Each of these filling surfaces is symmetric with respect to a horizontal plane. The first surface on the left, say M 0 , is homeomorphic to a disk. It consists of two spherical pieces which are connected by a strip of positive curvature. The surface in the middle, M 1 , is obtained by adding a handle to M 0 (without perturbing Γ) and is thus homeomorphic to a punctured torus. Similarly, the surface on the right, M 2 , is obtained by adding a handle to M 1 . This process of addition of handles, or more precisely surgery where we remove a pair of disks from a surface and glue an annulus in their place, may be continued indefinitely because Γ has an infinite pair of corrugations where handles may be added. Thus we obtain an infinite sequence of surfaces M i , with ∂M i = Γ such that g(M i ) = i, where g denotes the topological genus. Further we note that the corrugations of Γ converge to a pair of points on Γ with a sufficiently fast rate so that Γ is rectifiable, is differentiable at the accumulation points with respect to the Figure 1 arclength parameter, and is C ∞ elsewhere. Furthermore, each of the surfaces M i is C ∞ and has positive curvature up to the boundary; this means that for every p ∈ Γ there exists an open neighborhood U ⊂ M i containing p, and a C ∞ -smooth positively curved surface U without boundary such that U ∩ M i = U .
2.2.
Construction of Γ. The general strategy here is to construct one half of the surface M 0 mentioned above, reflect it, and let Γ be the boundary of the resulting surface. This is achieved in the following steps:
Step 1. Let S ⊂ R 3 be a sphere whose center lies below the xy-plane, e.g. at (0, 0, −1). Let p 0 ∈ S be a point on the equator Γ 0 of S. Then for every r > 0 we may find an ellipsoid of revolution, symmetric with respect to the xy-plane, and with a vertical axis of revolution, which is tangent to exactly one point of S, say q 0 , and intersects S in a figure-eight curve which is contained entirely in B r (p 0 ), a ball of radius r centered at p 0 . Let the half of this ellipsoid which lies below the xy-plane be denoted by E 0 . See the picture on the left in Figure 2 . Step 2. We deform E 0 to obtain a smooth surface of positive curvature E 0 such that (i) E 0 coincides with S in an open neighborhood U of q 0 , (ii) E 0 coincides with E 0 outside of B r (p 0 ), and (iii) E 0 ∩ S ⊂ E 0 . This follows immediately from the following result, which will be proved later.
Theorem 2.1. Let Σ 1 and Σ 2 be smooth strictly convex compact disks of positive curvature in R 3 which are tangent to each other at a common interior point p.
Suppose that Σ 1 and Σ 2 lie locally on the same side of their common tangent plane at p, and that their intersection near p consists of a finite number of smooth curve segments each of which emanates from p in a distinct direction. Then for every open neighborhood U 1 of p in Σ 1 there exists an open neighborhood U 2 of p in Σ 2 and a smooth positively curved compact disk Σ such that (Σ 1 − U 1 ) ∪ U 2 ⊂ Σ, and Σ contains Σ 1 ∩ Σ 2 .
Step 3. We take the top loop from the figure-eight curve E 0 ∩ S and merge it with the equator Γ 0 of S to obtain a smooth simple closed curve Γ 1 ⊂ S, as shown in the middle and right of Figure 2 . See also Figure 3 . Here the shaded region indicates the neighborhood U mentioned in Step 2 above. The important point here is that Γ 1 contain a portion of the top loop of the figure-eight which begins and ends inside U .
Figure 3
Step 4. Now take a sequence of points p 0 , p 1 , . . . on the equator Γ 0 of S which converge monotonically to a point p ∞ of Γ 0 with respect to the intrinsic distance in Γ 0 . Let r 0 , r 1 , . . . be a corresponding sequence of positive numbers so that the closures B r i (p i ) are pairwise disjoint. Then repeating the first three steps, we obtain a sequence of smooth simple closed curves Γ i ⊂ S. This sequence will converge, with respect to the Hausdorff metric, to a rectifiable curve Γ ∞ which is differentiable everywhere, with respect to an arclength parametrization, and is smooth on Γ ∞ − {p ∞ }, provided that r i converge to zero at a sufficiently fast rate. In particular, we need to choose r i so small that B r i (p i ) is disjoint from a pinched solid torus T which wraps around Γ 0 at p ∞ , see Figure 4 , such that the interior of T is disjoint from Γ 0 (since Γ 0 is smooth, such a torus exists at any point of it). By a pinched solid torus we mean the set of points in R 3 whose distance from a circle of radius r is at most r.
Step 5. By Jordan's curve theorem, Γ ∞ divides S into a pair of disks. Let D be the bottom disk, see Figure 5 . Now, using the same procedure described in Steps 1 and 2, we may glue to D a piece of an ellipsoid, as depicted in Figure 5 .
Reflecting the boundary of the resulting surface with respect the xy-plane yields the desired curve Γ, which already bounds a smooth positively curved surface M 0 with positive curvature. Further, note that at the neck of each corrugation we have an open neighborhood where M 0 is tangent to an ellipsoid of revolution which contains the corrugation. So we may delete a pair of disks from M 0 which are bounded in part by a pair of corrugations and replace them with an annular piece of an Suppose that f (p) = g(p) and grad f (p) = grad g(p) at some point p ∈ U . Then
In particular, if f and g have positive definite Hessians at p, and 0 ≤ φ(p) ≤ 1, then h has positive definite Hessian at p as well.
Proof. Noting that h = g+φ(f −g), we easily compute the second partial derivatives
Thus, since f (p) = g(p) and f i (p) = g i (p), it follows that
which completes the proof.
Let B n r denote an open ball of radius r centered at the origin of R n . Closure will be denoted by cl.
r ) → R be C k≥2 functions with positive definite Hessians, and Γ ⊂ cl(B 2 r ) be a connected curve which meets ∂B 2 r only at its boundary points ∂Γ = {(x 1 , y 1 ), (x 2 , y 2 )}. Suppose that x 1 < 0, x 2 > 0, and
Proof. Choose so that x 1 + < x 2 − . Then there exists a smooth function φ : R → R such that 0 ≤ φ ≤ 1, φ = 1 when x ≤ x 1 + , and φ = 0 when x ≥ x 2 − . Now define φ : R 2 → R by φ(x, y) := φ(x) and set h := φf + (1 − φ)g. We say that a C k≥2 embedded curve Γ ⊂ R 3 is strictly convex if Γ has nonvanishing curvature and through every point p ∈ Γ there passes a strict support plane Π, i.e., Γ lies on one side of Π and intersects Π only at p. By a nonsingular support vector field n : Γ → S 2 we mean a vector field such that if Π p,n denotes the plane which passes through p and is orthogonal to n, then Π p,n is a strict support plane of Γ at p, and furthermore, n(p) is not orthogonal to the principal normal of Γ at p. Lemma 2.6 ( [16] ). Let Γ ⊂ R 3 be a compact C k strictly convex curve. Then Γ lies on a C k surface M of positive curvature without boundary. Furthermore, for any C k nonsingular support vector field n : Γ → S 2 along Γ we may require that M be normal to n.
Combining the last two lemmas now immediately yields the following bridge principal for positively curved surfaces: Proposition 2.7. Let M ⊂ R 3 be a C k compact (but not necessarily connected) embedded surface of positive curvature, and Γ ⊂ R 3 be a connected locally strictly convex curve segment with ∂Γ = {p 1 , p 2 } ⊂ ∂M , p 1 = p 2 . Suppose that Γ meets ∂M transversally, and that a neighborhood in Γ of each p i lies in a local extension of M at p i . Then there exists a C k compact surface of positive curvature M which contains M and Γ. Further, if n : Γ → S 2 is a local nonsingular C k support vector field along Γ, which is orthogonal to the local extensions of M at p i , then we may require that M be orthogonal to n along Γ.
We only need to recall one more result from [16] .
Lemma 2.8 ([16]
). Every compact (but not necessarily connected) strictly convex C k surface of positive curvature Σ ⊂ R 3 lies on a C k closed surface of positive curvature.
Using the last two results, we may now prove the main result of this section.
Proof of Theorem 2.1. Let us denote the intersection curves which emanate from p and are contained in a small neighborhood of p by Γ i , i = 1, . . . , k. Since each Γ i is C 1 and has a distinct tangent at p, we may assume that the given neighborhood U 1 of p in Σ 1 is so small that Γ i and Γ j intersect each other in U 1 only at p for i = j, each Γ i ∩ U 1 is connected, and if we parametrize each Γ i ∩ U 1 by γ i (t), t ∈ [0, i ), γ i (0) = p, then the distance between γ i (t) and p is an increasing function of t. Now let U 2 be an open neighborhood of p in Σ 2 which is chosen so small that U 2 ∩ Γ i is connected, and (Σ 1 −U 1 )∪cl(U 2 ) is strictly convex. Note that Σ 1 −U 1 and cl(U 2 ) are connected by a portion Γ i of Γ i , see Figure 6 . Using the bridge principle mentioned Figure 6 in the above proposition we may connect Σ 1 −U 1 and cl(U 2 ) by thin strips of positive curvature containing Γ i to obtain a compact positively curved surface Σ with k + 1 boundary components (including ∂Σ 1 ). We can make sure that Σ is strictly convex by prescribing appropriate nonsingular support vector fields along each Γ i . Then by the previous lemma, Σ may be extended to a closed surface of positive curvature O. By the Jordan curve theorem, ∂Σ 1 divides O into two components. The component which contains Σ is our desired surface Σ.
Spanning Surfaces
In this section we prove Theorems 1.2 and 1.3, which concern two-dimensional fillings. Theorem 1.2 gives finiteness of topological types for the class of locally convex, compact spanning surfaces in R 3 , under minimal regularity assumptions. Here we use the theory of two-dimensional manifolds of bounded curvature due to Alexandrov and Zalgaller. Under greater regularity, Theorem1.3 offers a far stronger finiteness statement for possibly noncompact spanning surfaces immersed in any given Riemannian manifold and having a uniform bound below on total curvature. This proof draws on classical results of Cohn-Vossen and Huber.
3.1. Proof of Theorem 1.2. Now we prove the finiteness result for the class F Γ of compact, immersed, locally convex spanning surfaces of a finite collection Γ of closed curves of finite turn immersed in R 3 .
The turn of a curve in R 3 (also called the spatial turn) is the supremum of
over inscribed Euclidean polygons, where the α i are the Euclidean angles at the vertices. See [6, Ch. V] for a discussion of the properties of curves of finite spatial turn. In particular, a curve of finite spatial turn has one-sided tangents and hence is rectifiable, and its turn is equal to the length of its tangent indicatrix on the unit sphere. A locally convex surface without boundary is an example of a two-dimensional manifold of bounded curvature. These spaces were studied by Alexandrov and Zalgaller in [7] , which is our basic reference throughout this section. The class consists of, besides two-dimensional Riemannian spaces, all two-dimensional metrized manifolds M whose metric in a neighborhood of each point may be uniformly approximated by Riemannian metrics such that the integrals of the absolute values of the Gaussian curvatures are uniformly bounded. Equivalently, one can use polyhedral metrics for the approximation. The intrinsic defining property is that every point has a neighborhood in which the sum of positive excesses of nonoverlapping triangles is bounded. In this setting, the positive part ω + of curvature, and the negative part ω − , are defined as nonnegative, completely additive Borel set functions on M , and the curvature ω = ω + − ω − is defined for any set for which at least one of ω + and ω − is finite. In the case of locally convex surfaces, ω − = 0 and so ω is nonnegative.
The righthand turn of a geodesic polygon in M is
where the α i are the righthand sector angles between the directions at the interior vertices. Now consider a curve in M with one-sided tangents at each point. The righthand turn of any open subarc γ of this curve is the limit of the righthand turns of simple polygons in D with the same endpoints as γ, converging to γ and disjoint from γ except at the endpoints, and whose angles with γ at the endpoints converge to 0. Under sufficient regularity, the righthand turn is equal to κ g dl, where κ g is the geodesic curvature relative to the righthand normal. For a trivial subarc, namely, a single interior point, the turn is defined as (π − α) where α is the righthand sector angle between the directions at that point; when an endpoint is adjoined to γ, this quantity is added to the turn. The turn is additive under decomposition of a curve into disjoint subarcs, and is said to have bounded variation if, for a curve parameter 0 ≤ t ≤ 1, the turn on the interval (0, t) has bounded variation as a function of t.
The righthand turn of a curve γ in a convex surface M in R 3 is bounded above in absolute value by the spatial turn of γ, as is the variation of righthand turn of γ. This fact is well-known in the Alexandrov-Pogorelov-Zalgaller theory of convex surfaces (see, for example, [10, p. 42] ), but the argument is less well-known in the literature in English. The main idea (as described in [37, p.1045] ) is that it suffices by approximation to consider a polygonal curve γ k in a convex polyhedron M k . Then the variation of righthand turn of γ k in M k is at most equal to the variation of spatial turn of γ k because angles in M k are no smaller than spatial angles. And since the spatial turn restricted to a parameter interval (0, t) is monotone in t, the variation of spatial turn equals the spatial turn.
With this preparation, we are ready to prove our finiteness theorem for locally convex surfaces M that span a given collection Γ i , 1 ≤ i ≤ l of curves of finite turn:
Proof of Theorem 1.2. Denote the spatial turn of Γ i by κ(Γ i ). For any locally convex spanning surface M , denote the one-sided turn of
By the Gauss-Bonnet theorem [7, p.192] , and since ω(M ) ≥ 0,
Thus the Euler characteristics of all such spanning surfaces M are uniformly bounded, and there are only finitely many possible topological types for M .
Proof of Theorem 1.3.
Here we show that a finite collection of closed C 3 curves immersed in a given Riemannian manifold bounds at most finitely many topologically distinct, complete immersed C 3 surfaces whose total curvature is uniformly bounded below. The proof follows from classical results of Cohn-Vossen and Huber on Gauss-Bonnet type theorems for noncompact surfaces, which have been proved in greater generality in [34, p. 46] . A surface is said to be finitely connected if it is homeomorphic to a compact surface minus finitely many points; otherwise, it is infinitely connected. A smooth immersed surface is (metrically) complete if it is a complete metric space with respect to the induced intrinsic metric. Thus, in our terminology, a complete surface may have boundary (it need not be geodesically complete). 
These results yield: Proposition 3.3. Let F be a family of complete 2-dimensional manifolds M with compact boundary, where the total curvature of M and total geodesic curvature of ∂M are both uniformly bounded below. Then F contains only finitely many topological types.
Proof. For M ∈ F, let D(M ) be the doubling of M across its boundary, and D(M ) be a smoothing of D(M ) which perturbs the metric only in a compact neighborhood of the boundary ∂M . Then the total curvature of D(M ) is bounded below because it is bounded below on the complement of a compact set. Thus by Lemma 3.2, D(M ) is finitely connected. So M is finitely connected as well. Now Lemma 3.1 applies, and implies that χ(M ) is bounded below. By the formulas for the Euler characteristic of a finitely connected surface, M may assume only finitely many topological types.
We need only one more observation: Lemma 3.4. Let Γ be a finite collection of closed C 2 curves immersed in a Riemannian manifold M , and M be any C 1 surface in M bounded by Γ. Then
where κ M and κ denote, respectively, the geodesic curvatures of Γ in M and M .
Proof. Let γ : [0, L] → M be a unit speed parametrization for Γ, where L denotes the length of Γ, and v : [0, L] → R 3 be the unit normal vector field along γ which is tangent to M and points inside M (v is the "conormal" of Γ with respect to M ). By the Cauchy-Schwartz inequality,
The last two results immediately yield Theorem 1.3.
Compact Higher-dimensional Fillings
This section considers finiteness of topological types for the class of compact fillings of dimension n > 2. Here our theorems will be proved by using the theory of Alexandrov spaces of curvature bounded below.
4.1. Alexandrov spaces and finiteness. By a geodesic, we mean a distancerealizing path parametrized by arclength. All our spanning hypersurfaces are length metric spaces in their intrinsic metrics, that is, every two points are joined by a geodesic.
Recall that an Alexandrov space of curvature ≥ K is a length metric space in which geodesic triangles are wider than comparison triangles in the simply connected space form S K of constant curvature K. Specifically, for any geodesic triangle of perimeter < 2π/ √ K, the distance from a vertex to a point on the opposite side is at least the distance between corresponding points on a geodesic triangle with the same sidelengths in S K . (Here the perimeter bound ensures that the model triangle is confined to an open hemisphere, and hence has a distinguished interior.) It follows that angles between geodesics may be defined, and the angle at each vertex of is no less than the corresponding angle of the model triangle. (See [9] for a discussion.)
A complete Riemannian manifold M with boundary is an Alexandrov space of curvature bounded below if and only if its interior sectional curvatures are bounded below and its boundary is locally convex. Any nonconvexity of the boundary produces branching of geodesics of the metric space M , and hence produces negatively infinite curvature in the form of triangles that do not satisfy the wideness condition for any K.
There is a deep relation between Alexandrov spaces of curvature bounded below and finiteness of topological types. Here are the fundamental theorems: For a discussion of Gromov Compactness, one may consult [9, §10.7] . A simplified proof of Perelman's Stability Theorem [28] is given in detail by Kapovitch [24] . As an immediate consequence of Theorems 4.1 and 4.2, M contains only finitely many topological types. 
Typically, the constant K = K(K 1 , λ, T ) will be strictly less than K 1 . . By construction, C carries a metric such that Γ × {0} is isometric to Γ, and Γ × {0} has a degree of convexity in C that exceeds the concavity of Γ in any M ∈ F Γ , i.e., the sum of the respective second fundamental forms is positive definite. Since all M ∈ F Γ have the common boundary Γ, the same collar C can be glued to each M . Let K 1 be a lower bound for the intrinsic sectional curvature of Γ. By isometrically gluing C to M along Γ × {0}, using Lemma 4.4, one obtains an Alexandrov space M ∪ Γ C of curvature bounded below by a uniform constant K(K 1 , λ, T ).
By construction of C, the diameter of any M ∪ Γ C is bounded above by the sum of the intrinsic diameter of M and twice the collar width, 2T . Since we are assuming the diameters of the M ∈ F Γ to be uniformly bounded, so are the diameters of the glued spaces M ∪ Γ C. Clearly, the volume of M ∪ Γ C is uniformly bounded below by the volume of C.
Thus the family {M ∪ Γ C : M ∈ F Γ } has uniform lower curvature bound, upper diameter bound and lower volume bound, and hence lies in a class M that contains only finitely many topological types. Since M ∪ Γ C is homeomorphic to M , the class F Γ itself admits only finitely many topological types. . There are only finitely many topological types of compact Riemannian n-manifolds with boundary having uniform bounds below on curvature and volume, and above on diameter and the norm of the second fundamental form of their boundaries.
4.3.
Proof of Theorem 1.6. In this section, we consider a compact, immersed submanifold Γ of codimension 2 in R n+1 . Let F Γ denote the family of all compact, nonnegatively curved, immersed hypersurfaces having Γ as boundary. Since R n+1 is projectively equivalent to a hemisphere in S n+1 , we may regard the spaces M ∈ F Γ as hypersurfaces of sectional curvature ≥ 1 in S n+1 . Indeed, since projective maps preserve semidefiniteness of the second fundamental forms of hypersurfaces, this claim is a consequence of the Gauss Equation (see [14] ). From now on in this subsection, we use the Riemannian metrics induced from S n+1 .
Denote the components of Γ by Γ i , 1 ≤ i ≤ l. The following lemma bounds the intrinsic diameter of any M ∈ F Γ in terms of the intrinsic diameters diam(Γ i ) of the Γ i .
Lemma 4.7. The intrinsic diameter of M ∈ F Γ is uniformly bounded above by
Proof. First note that the distance of any point in M ∈ F Γ to Γ is ≤ π; for, otherwise, the distance from some p ∈ M to Γ would be realized by an M -geodesic γ of length > π, and γ would have a subsegment from p of length > π that does not contact Γ. Since M has sectional curvature ≥ 1, such a subsegment would contain an internal pair of conjugate points by the Rauch comparison theorem. Therefore the subsegment could be shortened by a variation with endpoints fixed in an arbitrarily small neighborhood of itself (see, for example, [35, p.316] ), yielding a contradiction. Now let γ be a geodesic in M . The distance from the initial point to the first intersection with the boundary, say with Γ 1 , is ≤ π. The distance from the first intersection point to the last intersection point of γ with Γ 1 is at most diam(Γ 1 ). Now reiterate this argument, starting from the last intersection point of γ with Γ 1 .
With this preparation, the proof of Theorem 1.6 is immediate:
Proof of Theorem 1.6. The proof proceeds just as in the proof of Theorem 1.4, except that here we have not assumed an a priori bound on the diameters of the M ∈ F Γ , but rather, may invoke Lemma 4.7.
Remark 4.8. As we have just shown, Theorem 1.6 also holds in S n+1 for spanning hypersurfaces with curvature ≥ 1. Similarly, by projective transformation, Theorem 1.6 holds in H n+1 for compact hypersurfaces with curvature ≥ −1. The latter case is interesting for being a finiteness theorem where there is not a uniform bound below on total negative curvature.
4.4.
Proof of Theorem 1.5. First we need a relative version of Nash's isometric embedding theorem. Let 0 n denote the origin of R n .
Theorem 4.9 ([17]
). Let (M, g) be a C ∞ Riemannian n-manifold, p ∈ M , and U be a neighborhood of p. Suppose there exists a C ∞ isometric embedding f : U → R m , m > n. Then there exists a smooth embedding f : M → R N , where N = max{n(n + 5)/2, n(n + 3)/2 + 5} + m, and a neighborhood V ⊂ U of p such that f | V = f × {0 N −m }, and the pull-back metric f * , is arbitrarily close to g, with respect to the C ∞ topology.
The above result quickly yields the desired example of infinitely many topologically distinct, positively curved 3-dimensional submanifolds spanning a common boundary in R 18 :
Proof of Theorem 1.5. Let M i denote the lens spaces S 3 /Z i , i = 1, 2, . . . , and choose p i ∈ M i . Since M i are locally isometric to S 3 ⊂ R 4 , there are, by Theorem 4.9, approximate isometric embeddings f i : M i → R 14+4 , such that for sufficiently small neighborhoods V i of p i we have f i (V i ) ⊂ S 3 . Further note that f i have positive curvature, since f i * , are C 2 close to the original metric of M i which have positive curvature. Let B i (p) ⊂ M i be open metric balls centered at p i , such that B i (p) ⊂ V i , and set M i := f i (M i − B i (p)). Then ∂M i will be geometric spheres. Indeed each ∂M i can be made to coincide with S 2 ⊂ R 3 × {0 15 } after a rigid motion and a homothety in R 18 . These transformations, applied to M i , yield our desired submanifolds, since M i , and consequently M i , are pairwise nonhomeomorphic.
Complete Higher-dimensional Fillings

Proof of Theorem 1.7.
Finally we turn to the case of noncompact complete fillings. In this section, we again assume n > 2, since we already have established Theorem 1.3 for surfaces.
Our procedure is first to bound the number of ends of any positively curved hypersurface spanning Γ. Then we "clip off" the ends, so that the proof of Theorem 1.7 becomes similar to that of the compact case already considered in Section 4. The new elements we draw on here for the noncompact case include a theorem of Cai that bounds the number of ends of a Riemannian manifold whose Ricci curvature is nonnegative off a compact set and everywhere bounded below [13] ; a theorem of Perelman on intrinsic gluing and smoothing under a lower Ricci curvature bound [29] ; and a theorem of Alexander and Currier on the end representatives of a complete Euclidean hypersurface that, except on some compact set, is nonnegatively curved with second fundamental form of nullity at most 1 [1] .
By an end representative in a complete Riemannian manifold M , we mean an unbounded component of the complement of a compact subset of strictlyM . An end is an equivalence class of nested decreasing sequences of end representatives that eventually lie outside every compact subset of M , where two sequences are equivalent if any member of either contains a truncation of the other.
Lemma 5.1 ([13]) . In a complete n-dimensional Riemannian manifold without boundary whose Ricci curvature satisfies ric ≥ 0 off a metric ball of radius a and ric > Λ everywhere, there is a universal bound c(n, a, Λ) on the number of ends.
This control on the number of ends only requires lower Ricci bounds, and these behave well under gluing and smoothing, as the following theorem shows.
Lemma 5.2 ([29]
). Let N 1 and N 2 be two Riemannian manifolds with isometric compact boundaries and ric(N i ) > Λ. Suppose the sum of the second fundamental forms is positive definite at each point on the identified boundaries. Then the induced metric on the gluing N 1 ∪ N 2 can be smoothed in an arbitrarily small tubular neighborhood of the identified boundaries to yield a complete C 2 manifold with ric > Λ.
Remark 5.3. This theorem was originally stated for positive Ricci curvature, but the proof holds for any lower bound. The proof described in [29] is written out in detail in an appendix of Wang's thesis [38] . By a convex body in a Euclidean space we mean a closed convex subset with interior points; its boundary is a convex hypersurface. A convex cap is the intersection of a convex hypersurface with an open halfspace. The following theorem is proved in [1] . The topological structure of the ends is implicit there; here we outline the proof in order to give a more detailed discussion of the topology.
Lemma 5.5. Let M be a complete, smoothly immersed hypersurface without boundary of R n+1 , n > 2. Suppose there is a compact set X in M such that M −X is nonnegatively curved and its second fundamental form has nullity at most 1 everywhere. Then each end of M has a representative that is homeomorphic to S n−1 × [0, 1) and is embedded onto the union of two convex caps.
Outline of proof. The proof adapts the method of slicing with moving hyperplanes first used by van Heijenoort [39] (see [1, Thm. 2] ). It also draws on the theorem of Sacksteder which states that a complete, immersed hypersurface of R n with nonnegative but not identically zero sectional curvature is embedded as the boundary of a convex body [33] , and that of Hartman and Nirenberg, that identically zero curvature only occurs for an (n − 2)-cylinder over a plane curve [22] .
Suppose H ⊂ R n+1 is a hyperplane through p ∈ M that does not intersect X, and is transverse to T p M and the nullity subspace at p. Then by a transversality argument and Sacksteder's theorem, each component N , which is not a singleton, of the intersection of M with H is a convex hypersurface of H. For any point p ∈ M outside a Euclidean ball containing X, slicing by rotated hyperplanes through p produces a subset C p of M that is embedded onto a convex cap, and has boundary that contains p and intersects X (see [1, Lemma 2] ). An unbounded sequence of points p i of M may be extracted lying outside a ball containing X, and the existence of convex caps C p i together with the compactness of Γ ensure that in each end there is a convex cap C with noncompact closure that contains no line (see [1, Lemma 3] ). If ∂C is compact, then by definition C is an end representative. That is, C = ∂K ∩ int(H + ), where H + is a closed halfspace bounded by H, and K ⊂ H + is an unbounded convex body in R n+1 . We may assume that K ∩ H has interior points in H, after moving H parallel to itself into int(H + ). Thus ∂C := cl(C)−C = ∂(K ∩H) is a convex hypersurface of H. Since ∂C is compact, ∂C is homeomorphic to S n−1 . Consequently, the interior of K ∩ H is homeomorphic to an open ball B n . Since cl(C) = ∂K − int(K ∩ H), it follows that cl(C) is homeomorphic to ∂K minus an open ball. Since ∂K is a noncompact complete convex hypersurface of R n+1 that contains no line, ∂K is homeomorphic to R n , and so cl(C) is homeomorphic to
If ∂C is noncompact, we proceed as follows. Since C contains no line, the "recession directions" of the convex hull conv(C) point into an open halfspace of the form y, v > 0. Therefore the slices of conv(C) by hyperplanes H t : y, v = t for t ≥ α sufficiently large are compact. Denote by S t the extensions of these slices of conv(C) to slices of M , and set C v = ∪ t>α S t . The theorems of Sacksteder, and Hartman and Nirenberg, imply that S t is a convex hypersurface of H t , and so C v is a noncompact convex cap. If any of the extended slices are compact, then they are all compact and homeomorphic to S n−1 . Then C v is an end representative whose closure is homeomorphic to S n−1 × [0, 1) and lies on the boundary of a convex body. Suppose on the other hand that the extended slices are noncompact. Then we may choose a recession direction w for these slices, and consider slices S t , meeting C v , of M by hyperplanes H t : y, w = t for t > α. Increasing α if necessary so that H t does not meet X for t ≥ α, the S t are again convex hypersurfaces of the H t and we again have a noncompact convex cap C w = ∪ t>α S t . Then v is a recession direction for C w ; perturbing v and w if necessary by a slight rotation in the plane they determine, and invoking the nullity hypothesis, ensures in addition that −v is not a recession direction for C w . Therefore T t := S t ∩ {y : y, v ≤ t} is compact and homeomorphic to a closed (n − 1)-ball. The union T t ∪ T t , where T t = S t ∩ {y : y, w ≤ t}, is then homeomorphic to S n−1 . Thus we obtain an end representative of the form
. It is easily verified that there is a continuous map with a continuous inverse from the closure of this end representative onto S n−1 × [0, 1). Now we are ready to prove our finiteness theorem for noncompact, complete fillings of a given compact submanifold Γ of codimension 2 in R n+1 , where n > 2. Let F Γ denote all complete, smoothly immersed spanning hypersurfaces of Γ having nonnegative sectional curvature and second fundamental form of nullity at most 1. We must show that F Γ contains only finitely many topological types.
Proof of Theorem 1.7. Step 1. First we "clip off" the ends of M . When M ∈ F Γ is noncompact, its projective image in S n+1 need not be complete, so this compactification step must precede any projective transformation step. Specifically, by Lemma 5.5, we obtain a compact, locally convex (but not smooth) spanning hypersurface M of Γ by discarding, for each end, an embedded end representative. The discarded representative either is a convex cap C v that lies in a halfspace H + t and has boundary coinciding with the boundary of a compact convex body B t in the hyperplane H t , or else is the union C v ∪ C w of two convex caps, lies in a union H + t ∪ H + t of two orthogonal halfspaces, and has boundary coinciding with the boundary of a union B t ∪ B t , where B t is a compact convex body in the hyperplane H t , B t is a compact convex body in the hyperplane H t and
The discarded end representative is replaced by gluing in B t in the first case, and B t ∪ B t in the second case, to obtain M . Figure 7 illustrates this procedure when n = 2.
Figure 7
We are going to prove finiteness of the topological types for the family
of compactified spanning hypersurfaces. For this purpose, we modify the proofs of Theorems 1.4 and 1.6 to accomodate the reduced regularity of members of F Γ .
Step 2. Regard each M ∈ F Γ as a hypersurface in S n+1 by a projective transformation to a hemisphere, so that from now on M denotes a metric space carrying the length metric induced from S n+1 . Since local convexity is a projectively invariant property, M is locally convex in S n+1 . Thus the metric of M has Alexandrov curvature ≥ 1 locally in the interior of M [4] .
In the following subsection, we prove the following Myers comparison lemma for M ∈ F Γ . It seems likely that this lemma holds for all local Alexandrov spaces of curvature ≥ 1, not just for M ∈ F Γ , but a proof for the former case is not currently known, and the technicalities in the latter case are mild.
Lemma 5.6. The distance of any point of M ∈ F Γ to Γ is not greater than π.
Step 3. Now we may proceed as in the proof of Theorem 1.4. There is a fixed collar C such that for all M ∈ F Γ , the glued spaces M ∪ Γ C are Alexandrov space of curvature bounded below by a uniform constant. By virtue of Lemma 5.6, both the statement and the proof of Lemma 4.7 apply essentially unchanged to give a uniform bound on the intrinsic diameter of M ∈ F Γ . In consequence, the family {M ∪ Γ C : M ∈ F Γ } has uniform lower curvature bound, upper diameter bound and lower volume bound, and hence lies in a class M that contains only finitely many topological types. Since M ∪ Γ C is homeomorphic to M , the class F Γ itself admits only finitely many topological types.
Moreover, by Lemma 5.1, the number of clipped ends is uniformly bounded, and by Lemma 5.5 the closure of each clipped end representative is homeomorphic to S n−1 ×[0, 1). So it follows that F Γ itself contains only finitely many homeomorphism classes. Here we have used the fact that any gluing of the end representative to the rest of the manifold is determined by a homeomorphism of S n−1 to itself, which is isotopic to the identity; thus, topologically speaking, there is only one way to glue the end representative back to the rest of M , which in turn yields the finiteness that we seek.
Remark 5.7. If Theorem 1.7 is restricted to strictly positively curved spanning hypersurfaces M , the proof may be simplified by appealing to known results, avoiding Lemma 5.6. In this case, it is shown in [1] that each end of M ∈ F Γ may be replaced by gluing in a compact convex body B t lying in a hyperplane H t . Then the main result of [16] may be used to show that the resulting M has a positively curved smoothing. Thus the theorem is reduced to the smooth compact case considered in §4. 
Proof of
Step 2, we then regard each M ∈ F Γ as a locally convex hypersurface in a given open hemisphere S of S n+1 , so that the B i and B i become convex bodies in totally geodesic hyperspheres.
We use the following slightly nonstandard terminology adapted to our construction. The n-faces of M are the relative interiors of the compact caps and of the portion of M that remains after clipping, respectively, namely 
The (n − 2)-faces are smooth convex hypersurfaces that bound the convex bodies B i ∩ B i in the totally geodesic (n − 1)-spheres determined by H i ∩ H i .
In this setting, the basic constructions of Alexandrov geometry are fairly simple (see [9] ): Recall that the direction space U p M of M at any interior point p is the metric space of unit tangent vectors at p with the angle metric, while the tangent space T p M is the linear cone over U p M . If p is not on an (n − 2)-face, then T p M is isometric to R n . If p lies on an (n − 2)-face F , then T p M bounds the intersection of three transverse halfspaces through the origin, and hence is the metric product of a Euclidean factor R n−2 with the cone over a homeomorph of a circle obtained by gluing together three circular arcs of radius 1, the sum of whose lengths is less than 2π. (The intersection of M with the 3-plane orthogonal to F at p has a neighborhood as shown around a corner point in Figure 7 .) Furthermore, any geodesic in int M that has an internal point on an (n − 2)-face F must be tangent to the R n−2 factor there [9, p. 109] .
Suppose γ is a geodesic in int M . By the convexity of B i , the shortest path in the hemisphere S and hence in M between two points of B i lies in B i , and similarly for B i . Therefore γ ∩ (B i ∪ B i ) has zero, one or two components; we call a nonempty component a clipping segment. Then γ is a disjoint union of clipping segments and nontrivial geodesic segments of int(M ∩ M ), which alternate.
Lemma 5.8. Suppose γ is a geodesic of M such that if γ has an endpoint in an (n − 2)-face, then a nontrivial end subsegment of γ lies in that face. Then any clipping segment σ of γ either lies in an n-face int(B i ∪ B i ), except possibly for endpoints at which σ strikes an (n − 1)-face transversely, or else lies in a lowerdimensional face.
Proof. Suppose the clipping segment σ contains a point p on a lower-dimensional face F . If F is an (n − 2)-face, then by assumption, p may be taken interior to σ. Then σ must be tangent to F = ∂(B i ∩ B i ) at p. By convexity of B i ∩ B i , σ cannot enter int(B i ∪ B i ), so lies in F . If F is an (n − 1)-face to which σ is tangent at p, then by convexity of B i and B i , σ could only leave F by striking an adjacent (n − 2)-face, which as we have just seen is impossible. If F is an (n − 1)-face to which σ is transverse at p, then σ enters int(M ∩ M ). Now we are ready to prove the Myers comparison result Lemma 5.6.
Proof of Lemma 5.6. Suppose to the contrary that there is a point of M whose distance to Γ is greater than π. Then there is a geodesic γ :
We show this is impossible by constructing a length-shortening variation of γ. By shortening γ slightly if necessary, we may ensure that if γ has an endpoint in an (n − 2)-face, then a nontrivial end subsegment of γ lies in that face. Thus by Lemma 5.6, either
(1) each clipping segment of γ lies in an n-face except possibly for endpoints at which it strikes an (n − 1)-face transversely, or (2) γ additionally contains clipping segments that lie in lower-dimensional faces.
In case (i), we are going to show that the standard treatment of Myers comparison via second variation works with a simple adjustment. In case (ii), we make a local modification of M in a neighborhood of γ in order to recover case (i).
Case (i). We use [27] (1)]. In the Riemannian case, a term cancels, namely
A is continuous along γ. In our case, the tangent cone at γ(u i ) is isometric to R n , and under that isometry γ (u
If γ is replaced in (5.1) by its projection tangent to F , equality continues to hold since the tangential projection of A is determined only by F , being its intrinsic covariant derivative ∇ V V . However, the projection of A on a unit vector normal to F depends on the side, u 
where we fix v = 0, and ⊥ indicates the component orthogonal to γ . Now choose x with x(0, v) = γ(0), x( , v) = γ( ), and V (u, 0) ⊥ = sin πu E(u), where E(u) is a unit vector field that is orthogonal to γ and parallel along each unbroken parameter interval. By (5.3),
since the sectional curvature of the n-faces is ≥ 1 and π < .
Since L (0) = 0 by first variation ([27, p. 264]) and we have just shown L (0) < 0, there is a variation with fixed endpoints of γ in M that reduces length.
Case (ii). For a clipping segment of γ that lies in a lower-dimensional face, the switchpoints to its two adjacent segments in int(M ∩ M ) need not vary smoothly under a variation of γ, although they clearly vary upper semicontinuously, and so the preceding argument does not apply. We avoid this difficulty by making a local modification of M in a neighborhood of each of the (finitely many) clipping segments σ that lie in lower-dimensional faces.
Such a σ lies in M ∩ M and joins two nontrivial geodesic segments τ 1 and τ 2 that lie in int(M ∩ M ). Thus if we replace a neighborhood U σ of σ in M by a neighborhood U σ of σ in M , then U σ joins smoothly with neighborhoods in M of τ 1 and τ 2 .
Since the second fundamental form of M has nullity at most 1, it is nonvanishing, so M and M are one-sidedly locally convex; and since M was obtained from M by a clipping procedure, U σ lies to the inward side of M . Moreover, U σ may be taken to lie on a convex hypersurface. To see this, let us transform from S n+1 back to R n+1 for simplicity of terminology. Since σ is a line segment in the nonnegatively curved hypersurface M , then by the Gauss Equation, σ is tangent to the nullity subspace. Equivalently, the tangent hyperplane to M is constant, say H σ , along σ. Then U σ lies on the boundary of a body K constructed as follows. Cover σ by a finite union of convex neighborhoods in M , each lying on the boundary of a convex body, and let B be the intersection of the corresponding union of convex bodies with a closed halfspace H + containing H σ , where H is parallel to H σ . By the nullity hypothesis, the slices of M by hyperplanes orthogonal to σ are strictly positively curved at points of σ. Moreover, the clipping segment σ is not extendible as a line segment in M , since if it were it would remain in its clipping hyperplane(s), H i and/or H i , and hence be extendible as a clipping segment. Therefore U σ ∩int H + = ∂K ∩int H + if H is chosen sufficiently close to H σ . Thus the body K has a locally convex boundary, so is convex. By the clipping procedure, if U σ is sufficiently small, it lies on the boundary of the intersection of K with either one or two halfspaces. Therefore U σ lies on a convex hypersurface in the inward side of U σ .
By a classical theorem of Busemann-Feller [11] , projection to a convex hypersurface from the outside does not increase length. It follows that if we choose U σ sufficiently small, U σ has a welldefined and length-nonincreasing projection map to U σ .
Let M be the hypersurface obtained by replacing U σ by U σ for each clipping segment σ that lies in a lower-dimensional face. As in case (i), there is a length-reducing variation with fixed endpoints of γ in M . Since there is a length-nonincreasing map from M to M , there is a shorter curve than γ in M joining the endpoints of γ. This is the desired contradiction.
Comments and Questions
In light of the Soul theorem of Cheeger-Gromoll-Meyer [20, 15] , it is interesting to ask to what extent Theorem 1.7 might reflect intrinsic finiteness phenomena. Recall that a complete, open, positively curved Riemannian manifold M without boundary is diffeomorphic to R n . Perelman proved the same statement if M is merely nonnegatively curved with a point of strictly positive curvature [30] . Moreover, there are only finitely many homeomorphism types of complete, open, nonnegatively curved Riemannian manifolds of fixed dimension, with a uniform upper bound on the diameter of the soul, and a uniform lower bound on the volume of some ball of uniform radius lying at uniformly bounded distance from the soul (see [8] The answer to the above question is negative when the dimension of the manifolds in bigger than 3, but we do not know the answer for dimensions 2 and 3. For dimensions bigger than 3 a familiy of counterexamples may be constructed as follows. Another question which naturally presents itself is Question 6.3. Does the finiteness phenomenon for surfaces which was proved in Theorem 1.3 hold for higher dimensional submanifolds?
Of course, by Theorem 1.5, the answer to the above question is no if the codimension is too high. So a related question is: what is the lowest codimension in which Theorem 1.5 fails.
